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independent measurements of eıϑ scale with the number of
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(Scalar) Quantum Field Theory
Complex action
• The problem then becomes that of a complex action’s
S = S0 − Γ
where  is a complex unity.
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• worm algorithms (and various supplementary ideas)
• effective 3D theories
• histogram method
• factorization (or density of state) method (among us!)
• imaginary chemical potential (generalized)
• fugacity expansion
• dimensional reduction
• large Ncolor limit
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Stochastic quantization
G. Parisi and Y.-S. Wu, Sci. Sinica 24 (1981) 4S3
The Langevin process is actually a markovian one,
〈φ|℘(τ, τ ′′)|φ′′〉 =
ˆ
Dφ〈φ|℘(τ, τ ′)|φ′〉〈φ′|℘(τ ′, τ ′′)|φ′′〉
or ℘(τ, τ ′′) = ℘(τ, τ ′)℘(τ ′, τ ′′) in operator notation.
Hint! Looks like a path integral makes sense in this context.
The whole formulation develops on Langevin time τ as well as
spacetime X. (extra degrees of freedom)
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• generate configurations via Langevin process in equilibrium
• calculate observables in ensemble with noise distribution
• instances of the Langevin process depend on the noise
• we let the Langevin process do all the (markovian) work
• stochastic calculation matches that of path integral’s!
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We already see a problem with S ∈ C.
exp(−S) is complex and cannot be interpreted as probability!
But first things first...
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φa(x, τ) = Ka(φ(x, τ)) + ηa(x, τ)
Ka(φ(x)) = − δ
δφa(x)
S[φ]
〈ηa(x, τ)ηa′(x′, τ ′)〉 = 2δaa′δ(x− x′)δ(τ − τ ′)
αaa ≤ δaa = dimRC = 2
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℘∞[φ] ∝ exp(−α⊥S[φ])exp(−(1− α)⊥T [φ])
The Feynman path integral is lost for the full theory!
Unless of course αaa′ = δaa′ , i.e. full noise is taken.
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δφ(x)
Sa[φ]
〈η(x, τ)η(x′, τ ′)〉 = 2δ(x− x′)δ(τ − τ ′)
We assume: S = S0 + S1
A distinct from field’s complex unity  plus no normalization.
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After field complexification however, Sa becomes a valid symbol.
Alas, S0 is no longer the phase-quenched (more like
phase-sqeezed) model but a whole new action involving full
parameter information of the original action.
Even the original imaginary part! The parameters actually
spread out even in both parts of the new action Sa.
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(bi)complex fields
αaa = α
2 = 2 βaa = β
2 = 1
√
2φ = (φ00 + φ01) + ı(φ10 + φ11)
∂
∂τ
φab(x, τ) = Kab(φ(x, τ)) + 1bηa(x, τ)
Kab(φ(x)) = − bcd δ
δφac(x)
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〈ηab(x, τ)ηa′b′(x′, τ ′)〉 = 2δaa′1b1b′δ(x− x′)δ(τ − τ ′)
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φ ∈ C⊗ C and S ∈ C
Langevin dynamics test
• In general the Fokker-Planck distribution is away from the
entropic factor exp(−S).
• It’s expected, the entropic factor is complex and unsuitable
for use as a probability.
• So there is no way to extract the path integral as it is by a
(complex) Langevin process.
• So is averaging over the Langevin ensemble still valid?
• One way we can check (quickly): simulations!
• There is also an interesting property regarding observables.
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• For complex action S, after
• complexification of the field φa −→ φab
• extension of the action S −→ Sb
• follows extension of observables O −→ Ob
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observables
• Langevin equations respect the following symmetry
φab −→ −♦ac♦bdφcd and Kab −→ −♦ac♦bdKcd
• Applying this symmetry to correlation functions,
〈φab(x)φa′b′(x′)〉 ∝ δaa′δbb′ + εaa′εbb′
• and continuing with observables, 〈O1〉 = 0!
• An interesting property: the auxiliary information is gone.
• However, much like the action, 〈O0〉 is not what we think:
it contains data from the full original complex observable.
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√
η¯a,x,n





η 〈η¯a,x,nη¯a′,x′,n′〉 = 2δaa′δxx′δnn′
For big enough  can have runaway solutions!
Thermalization time is unknown.
 is not a differential (time)!
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κdimX = 2 dimX +m2








sinh(µδα dimX)εacεbd(φcd,x+αˆ − φcd,x−αˆ)
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• Stochastic quantization agrees with Feynman path integral
• as long as the action is real
• and the process has full noise (all components)
• Stochastic quantization breaks with Feynman path integral
• when noise is not full (not important)
• when action is complex
• stochastic quantization keeps probability interpretation
• Feynman path integral does not...
• Looks like Stochastic quantization sees the Silver-Blaze
phenomenon of the relativistic Bose gas
• results agree with other methods like dual methods
Christof Cattringer, Thomas Kloiber.
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• a search for other models and in particular QCD are in
order
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• there are various Beyond the Standard Model physics with
complex action to be tested (simulations)
• the method is applicable to general systems with a complex
action!
• Gert Aarts et. al. are onto working Standard Model
stochastic quantization
• Exploring the limits of complex Langevin methods
• where does it fail and how/why may give guidelines towards
modifying the method accordingly
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